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EXACT SOLITON SOLUTIONS OF THE GENERALIZED EVOLUTION EQUATION
OF WAVE DYNAMICS'

N.A. KUDRYASHOV

A Backlund transformation is proposed for the generalized evolution equation of gas
dynamics, by means of which exact soliton solutions of this eqguation are obtained.

In recent years, a non-linear fourth-order equation has been used to describe a number
of wave processes. In the general case, this takes the form
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Here «, P and y are constant coefficients, u(z,# 1is a function that characterizes the
physical process: mixing, the thickness of a film, concentration, etc.
With a=+0, §=y=0 Eg.(0.l) is the Burgers equation, which, in the simplest case, models
the formation of shock waves in gas dynamics /1/. Using a Cole-Hopf transformation /2, 3/

u (z, {) = —2ad In F/ox (0.2)
the Burgers equation is transformed into a linear heat conduction equation with respect to
the function F(z,t). When a=9=0,8+0 Eq.(0.1l) is well-known as the Korteveg-de Vries (Kdv)
equation, which describes solitons (localized non-linear waves) /4/.

Using the Miura transformation /5, 6/

u (z, t) = 12§02 In F/oz? (0.3)
the KdV equation reduces to an equation for F (r,t) which has a quadratic form, from which
Hirota /7/ found exact single- andmulti-soliton solutions of the KAV eguation.

Below, we will consider Eq. (0.l) with values of the coefficients a, p and y different
from zero.

1. The Backlund transformation for Eq.(C.l). We write the solution of (0.1) in
the form of the following sum:
ulz, )= 2 u;(z, t) FF3(x, t) (1.1)
i=o
Substituting (1.1) into (0.l) and equating terms with the same powers of F (r,1) we get
a series of equalities:
u, = —120yF.2, u, = —15pF,2 + 180vF.F,, (1.2)
(15/76)(B*/y — 18c)F, + 15BF. — B0VF 1pe

I

Uy

We can write the equation that contains the coefficient 1u;(z,1) and partial derivatives
of F(z,t) (denoted by F,, F,, F,, etc.) in the form
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We can set up a recurrence formula for finding the coefficients of wu; (2, {) with j -4*.
(*N.A. Kudryashov, The Bucklund transformation for the viscoelastic wave equation in dispersive
media: Preprint 007-87. MIFI, Moscow, 1987.) It turned out, however, that u; isnot determined
from this formula, and hence we must put u; = 0 for j = 4. Setting wu,:=( in the recur-
rence formula and taking account of expression (1.2), we get an equation for [ (z 1)
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In addition, the recurrence formula gives the following equation that contains Uyy Uy
and Uyl
Juy N du a
5~ Uelt o g Fy - ug - g (alty) = {1.5)
Lu, — L (u,fy+ FLu,
T Do) gy, B g,

92 a3 gt
L=agm Py tvam

Since u;{z,t) =0 with j >4, taking (1.2} into account we can write the solution of
{0.1) by means of the formula
15 2 a ’
w )= (£~ t6a) 5 nF + (1.6)
gt 33
158 =z InF — 80y 5 In F 4 uy (2, 1)

The last equation of (1.5} for the coefficient Ug(2,%) is identical in form with the
initial Eg.{0.l}, and so {1.6) can be used to transform the solution of {G.1).
For the Burgers-Korteveg-de Vries(BKdV) equation, which is obtained from (0.1), if a0,

Bs£0,y= the transformation of the equations (analogous to (1.6)) takes the form
12 N a* S
u (r, z‘}——-—?wz»—in[; 2B o= InF +ug(x, 1) (1.7
aAs also when ¥y == 0, the coefficients u; =0 when j_> 4. The coefficient Uy {z, 1) is

connected with F (z,1%) by the following equation:

Fotu,Fe— zsﬂ Fam S0 by o 49F g — 3pFLFT =0 (1.8)
For Fz,1} with v = we obtain the equation
- 5 - 3 2 F
Fa _1'£Fxxf' 'Iwﬁ?ﬁf’x_ 5& Faxz 4 Pl oxnn -+ {1'9)

1'\\[ - 46FxxexxF_1 + SBF 1;2: 0

In this case, the coefficient u,(z,1) alsc obeys (0.1) if we set y=0. When =0 and
uz{z, ty =0, transformation (1.7) becomes the Miura transformation (1.3) for the KdV equation.

2. Exact solutions of the BKdV equation. Using (1.7), we will find a solution of
the BKAV eguation (Eg.{0.l) with ¥ == 0).
With u, (z, %) = 0, we get an equation for F(z,!), which can be represented by setting
the quadratic form equal to zero
G, — GGy +F I 4 L, D 2.1

G} = Ft - aFv\’ + ﬁF.\‘.\',\‘
12—”}' “JI' ﬁxxxv Gazf’fm‘— Fxex

The left-hand side of (2.1) with @« = 0 is identical with the quadratic form that was
applied to determine the soliton solutions of the K4V egquation /5, 6/.
The function F {(z,1) that obeys the conditions &, = ¢,, G, = 0, Gy = 0(¢, is a constant)
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is a solution of Eq.(2.1). Setting ¢, =0, we find

F (2, 1) = ¢, + cyefx-ot (2.2)
B3
TR W @3)

where ¢, and ¢, are constants.
Substituting (2.2) into (1.7) with uy(z,t) =0 and setting ¢ ==¢; = 1, we can write the
solution of the BKAV equation in the form

u (x, 1) = ¥ak [U? (2, 1) + 2U (2, ) — 3] (2.4)
Uz, t) = th ¥/, (kx — wi)]

The equation we have obtained has the form of a shock-wave, which ig characteristic for
solutions of the Burgers equation. As was proved in /8/, the BKAV equation has shock-wave
solutions with monotonic profiles (for « >>@,) and oscillatory profiles (for (@ < u,). For
(2.4) we have q, = ]fmoc, which corresponds to a monotonic profile of the shock-wave front.

Note that if we immediately loock for a solution of (2.1) in the form of (2.2) with un-
knowns %, «, then as a result of the substitution into {2.1) we obtain the values (2.3) for
k and ®. BAnalogous values of kX and @ are obtained if we substitute (2.2) into (1.8) and
(1.9), having set u, (x, #)=0 in (1.8).

3. Solution of Eq.(0.1) for p=0, a=0, y5 0. For P =0 and u (2, )= 0, sub-
stituting (1.6) into (0.1) we obtain the result that the following cubic form is equal to zero:
aGy

dr

5V0FGy — 30VG, + VL'G, + 5 L'Gy + yL3G, =0

30
VFF Gy — o FPGy — 29F 3G, + YFF, 2% — S ayFGy — (3.1)
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The constant of integration is taken to be equal to zero in (3.1). It can be seen from

the cubic form (3.1) that the function F (x,1) is a solution of (3.1) if it obeys the con-
ditions Gy =0, Gy =¢,, G3 =G, =G, =0 (¢; is a constant). These conditions are satisfied
for (2.2) with

k=4 V11a/(1%), o = (30/19)ak? (3.2)

Setting ¢; and c¢; =1 and substituting (2.2) and (3.2) into (1.6), with p =0 we find
a solution of Eg.(0.1)
15

ulz, t)y= @—ak 18U (&, 1) — 14U3 (&, 1) — 2}, 3.3)

U (z, ty=th [% (x— —*?g—afczﬂ

For o == —1 and 4 = —1, solution (3.3) is identical with the Kuramoto solution that
has been proposed for describing concentration waves in chemical reactions /9/. Expressions
(3.3) is also known as an exact seliton solution of the equation that describes the sliding
of a film down an inclined plane /10/. Expression (2,2), (3.2), for F (z,t) obeys the systemof
Egs.{1.3) and (1.4} in which uz(z, &) =0 and B =0. This system may alsc be used to find
the values of k and ® in expression (2.2) for F (, ).

For ® we obtain the second relationship in (3.2), and for k we find

by = =V Ha/(1%), K&y, = =1V a/(19y) (3.4)

The values of &, and %, lead to the solution cited above.

4. Solution of Eq.(0.1) for a0, <0, y5£0. The substitution of (1.6) with
us (x, 1) = 0  into (0.1) leads to a cumbersome expression. So we will look for F (#,%) in the
form of (2.2). Substituting (2.2) into (1.3) and (1.4) with u, (z,t) = 0, we get an algebraic
equation for o and k:
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__ 5Pk Lo e ) I /132 - "
== e k= ”’WB‘\*"'W 160:)/» -+ W(W——/a) (4.1
] LN fqq O3 87 af® 134 pe , o
B4 5% .~ - — 1606\)/; — «W !11 T “-S‘“‘;ﬁi‘ + = T X == () {4.2)
Wwe find Ky, ...,k from the quartic Eq.(4.2). From:the first expression in (1.5), taking

account of (2.2) and (4.2), we find

B f ~ 160) [ 58 + T;y‘(%ﬁi —Ta)| =0 (4.3)

The algebraic equation for k that is obtained from the second equation in (1.5) is Ed
consequence of (4.2} and (4.3).

Thus, the function F (z,1t), defined by (2.2) with w and k calculated from (4.1)~-(4.3)
is a solution of the system of Egs.(1.3)-(1.6). Since expressions (1.3)-(1.6) are obtained
as a result of substituting (1.1) into (0.l1) and equating terms with the same powers of F (z, i),
it follows from the fact that (1.3)-(1.6) vanish that the function (1.6), where F (x, 8 is
determined from (2.2) with @ and k calculated from (4.1)-{(4.3), is a sclution of the initial
Eq. (0.1}).

It can be seen from (4.1)-(4.3) that the values of « and k effectively depend on  the
parameters o, B and 7.

The golution u (z,!) of the initial Eq.(0.1) is found if we substitute (2.2) into (1.6).
Setting ¢ = ¢, =1 1in (2.2), as we did before, and substituting F (¢, t) into (1.6), we find

u (:C’ )= 15k02 [% + ‘\’ko(] ('J'y 1)] ch™® [..%—. (kgl" —_— (1)0t)} + (44)
ijﬁzﬂ (i - 15@) HA+Ufe, ), U@.n=
[ (hyr — ©, )7{

Here k, is the value of one of the real roots of the system of Egs.(4.2), (4.3) and
w, == © (k) is calculated from (4.1).
Consider an actual analytic solution of {0.1). For f§ =0 we obtain the result that

Eg. (1.5} is a consequence of (1.3) and (l1.4). From the algebraic Eq. (4.2) for X we obtain
the values (3.4). As a result solution (4.4) becomes the Kuramoto solution {3.3). When
p? = 16ay , the left-hand side of (4.3) becomes zero, since here (1.5) is also a consequence
of (1.3) and (1.4). From (4.1) and (4.2) we obtain

B an = -baly, o = 3k oy |(k® + a/5y)

For k, = V"a/y, w, = o (k) = 62*y?, the solution u{r,!} of Eg.(0.l) is written in the

wix, ) == 1)aV ~-« -2 | E l/—g(lm Gcz[/a )} (4.5)
1)

Solution (4.5) has a single maximum, which is equal to {160/9) Yoy, If (z — Ba aiyl) > +oo,
then u {(z, t) — 0. There are also other analytic solutions of (0.1). Eqguating the values of k?
from (4.2) and (4.3) we obtain a quartic equation for BfVa'y, from which

form

Bi, 2 == =19y ay/47, Pa s == -E16 Y ay/i3 {4.6)

We find the corresponding values of k from (4.2):

k:,z EEY i V’W k‘.,!4 == ::f; ;/

@/ {73y} {4.7)

Substituting /k&,, and k, , into (4.1}, we obtain
wy = —60a¥(47%), w©, = —90a?* /(732%y) {4.8)
Expression (4.4) is an analytic solution of (0.1) with values of k and ® corresponding

to (4.7) and {4.8) provided that the coefficient B is connected with o and y by (4.6).
We will consider the sclutions {4.4) and (4.5) that we have cbtained for (0.1). Fig.l

shows the solutions w (s /) in the travelling-wave coordinate system §= z= @k, with « = v:=
1 and f= —4, 0, 4; real values of %, are found from formula (4.2) taking account of the
equality (4.3). For p= —4 (B* = t6ay) the solution u(r ¢ has a single maximum corresponding
to a solitary wave, which is completely smoothed as & — 4w (in fact, even with |[§|= 5. In

the case =0, the soluticon has a maximum and a minimum. With B=4 the solution u (&)
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describes a solitary wave with one maximum and one level, which is equal to zero for fairly

large |E]. As the absolute value of § increases, the wave becomes narrower. For the case
$2 = 16oy with a fixed value of y, as a (and, consequently, B} increases, the increase in
wave amplitude and decrease in its width are alsc characteristic. The velocity of the

solitary wave is proportional to a', its value at &= 0, and the amplitude alsc ~a". Con-~
sequently, solitary waves with a large amplitude, described by (0.1), will travel with a high
velocity.

Analysis of the stability of the motion described by (0.1) with respect to small per-~
turbations o ~ ¢#**%" leads to the following dispersion relationship:

© = —ifld — & (o — yhY) (4.9)
It can be seen from (4.7) that the amplitude of the wave with &=} a/y neither increases

nor decreases with time. This corresponds to a solitary wave described by solution (4.5).
The long-wave oscillations (k< Y efy) with w <0 and v« 0 in the system decay in accordance

with (4.9), andthe short-wave oscillations (¢ >} a/v), on the other hand, increase. This,
however, does not contradict the existence of waves (4.4) with k#:yfgﬂi since such waves
connect different levels of the solution u(a 1) as z - -oo. If we take into account the fact

that the term ous (>0, y>0) 1is responsible for dissipating the energy of the wave, and the
term fYuwan 18 responsible for pumping it, the potential energies of the different levels in
the solution also leads to precisely the existence of waves with k:#’VGFE

The modelling of the propagation of a solitary wave, carried
out on the basis of a numerical solution of (0.l) by changing to
a difference scheme, has enabled us to establish that the solitary

u

y wave described by (4.5) interacts elastically with other inter-
9 \ actions and, consequently, is a soliton.
B=0 Comparison of the analytic solutions to {(0.1) cobtained in this
//’\\ paper with numerical soclutions has demonstrated the good agreement
0 of the results.

The procedure for finding exact solutions of (0.1) can be
generalized to the case of partial differential equations with
-4 non-linearity of BKdAV or higher order. There are a number of facts
that point to the existence of solutions, analogous to those
proposed for (0.1) in this paper, for higher~order equations.

The author thanks B.L. Rozhdestvenskii for discussing the
7 2 4« ¥ results, and $.S. Kucherenko, V.V. Loborev, and V.M. Prostokishina
for their help.

Fig.l
REFERENCES

1. ROZHDESTVENSKII B.L. and YANENKO N.N., Systems of quasilinear eguations and their appli-
cations to gas dynamics, Moscow, Nauka, 1968.

2. COLE J.D., On a quasilinear parabolic equation occurring in aerodynamics. Quant. Appl. Math.
9, 3, 1951.

3. HOPF E., The partial differential equation u,+»mu‘:}éxu Commun. Pure Appl. Math. 3, 3, 1950.

4. ZABUSKY N.J. and KRUSKAL M.D., Interaction of solitons in a collisionless plasma and the
recurrence of initial states. Phys. Rev. Lett. 15, 6, 1965.

5. WITHAM J., Linear and non-linear waves, Mir, Moscow, 1977.

6. ABLOVICH M. and SIGUR KH,, Solitons and the inverse-problem method, Mir, Moscow, 1987.

7. HIROTA R., Non-linear partial difference equations. I. A difference analogy of the
Korteveg-de Vries equation. J. Phys. Soc. Japan 43, 4, 1977.

8. BEREZIN YU.A., Modelling of non-linear wave processes, Nauka, Novosibirsk, 1982,

9. KURAMOTO Y. and TSUZUKI T., Persistent propagation of concentration waves in dissipative
media far from thermal equilibrium. Progr. Theor. Phys. 55, 2, 1976.

10. SHKADOV V.YA., Solitary waves in a viscous liquid layer, Izv. Akad. Nauk SSSR, MzZhG, 1,
1977.

Translated by H.T.



